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A NOTE ON TANNAKIAN CATEGORIES AND MIXED
MOTIVES
MARTIN GALLAUER
Abstract. We explain why every non-trivial exact tensor functor on the tri-
angulated category of mixed motives over a field F has zero kernel, if one
assumes “all” motivic conjectures. In other words, every non-zero motive gen-
erates the whole category up to the tensor-triangulated structure. Under the
same assumptions, we also give a complete classification of triangulated e´tale
motives over F with integral coefficients, up to the tensor-triangulated struc-
ture, in terms of the characteristic and the orderings of F.
1. Introduction
Let F be a field, and consider Voevodsky’s triangulated category of motives over F
(with rational coefficients), as usual denoted by DMgm(F;Q). It is a strong can-
didate for the derived category of a conjectural abelian category of mixed motives
over F:
(1.1) DMgm(F;Q)
?
≃ Db(MM(F;Q))
However, at this point, the construction of MM(F;Q) and the equivalence (1.1)
are quite out-of-reach, and the global structure of DMgm(F;Q) remains mysterious.
In the present article we will instead explore some consequences of such an equiv-
alence. More specifically, we will classify motives in different contexts assuming
that (1.1) holds. (We refer to the discussion around Hypothesis 3.2 for the precise
assumptions.) Here is the first result in that direction (see Theorem 3.8).
Theorem 1. Assume (1.1). Then the tensor-triangulated category DMgm(F;Q) is
simple.
Recall that a rigid tensor-triangulated category is called simple if 0 is the only
proper thick tensor ideal. For example, if Re : DMgm(F;Q)→ Db(K) denotes some
classical (co)homology theory, its kernel is a proper thick tensor ideal and therefore
necessarily 0, by this result. This consequence is known as the Conservativity
Conjecture (for the given (co)homology theory). Theorem 1 says that every non-
trivial tensor-triangulated functor F : DMgm(F;Q) → T is conservative. Another
way of thinking about it is that starting with a non-zero motive M in DMgm(F;Q),
every other motive can be constructed fromM using shifts, cones, direct summands,
and tensoring with other motives.
It is expected that MM(F;Q) is a Tannakian category (not necessarily neutral),
and this is part of our assumptions in Theorem 1. Hence the latter will follow from
the following one which we learned from David Rydh (see Theorem 2.4).
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Theorem 2. Let A be a Tannakian category in characteristic zero. Then its
bounded derived category Db(A) is simple.
This can be seen as a derived analogue of the easy observation that a Tannakian cat-
egory in characteristic zero is simple.1 As Tannakian categories appear frequently in
algebraic geometry (and elsewhere), this result is of independent interest. The proof
of Theorem 2 proceeds by translating the problem into one about quasi-coherent
sheaves on well-behaved stacks where one can use results on cohomological dimen-
sion [DG13] and thick tensor ideals of perfect complexes [HR17].
So far, our discussion has ignored any motivic torsion phenomena, and the first
steps in the study of DMgm(F;R) for finite coefficients R (as in [BG19] and [BG])
suggest a complicated picture indeed. However, the situation becomes better when
passing to e´tale motives, as was observed in [Gal19]. Here we improve on that
result, including an argument by Paul Balmer which allows to remove assumptions
on roots of unity. At the end of the day, we can give a complete classification
of thick tensor ideals in the triangulated category of mixed e´tale motives over F
with integral coefficients, under the same assumptions as before. The result is best
expressed in terms of Balmer’s tensor-triangular spectrum (that is, the space of
prime ideals) as follows (see Theorem 4.3).
Theorem 3. Let F be a field of exponential characteristic p and assume that
DMgm(F;Q) is simple. The comparison map with respect to the Tate motive G˜m =
Z(1)[1] is a homeomorphism
ρ•
G˜m
: Spc(DMgme´t (F;Z))
∼
→ Spech(KM• (F)[1/p]).
onto the space (described in Remark 4.2):
(1.2)
m2
⑤⑤
⑤⑤
⑤⑤
⑤⑤
❇❇
❇❇
❇❇
❇❇
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯ m3
❇❇
❇❇
❇❇
❇❇
❇
m5 · · · mℓ
pα ... pβ t
♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
···
Here, KM• (F)[1/p] is the Milnor K-theory algebra localized away from p. The p•
are indexed by the orderings of F with the Harrison topology, and ℓ runs through
the rational primes different from p. The lines indicate specialization relations
pointing upward. In particular, if F does not admit any orderings (for example
in positive characteristic) then the tensor-triangular spectrum is just Spec(Z[1/p]).
We refer to Remark 4.6 for a description of the prime ideals in DMgme´t (F;Z). We
also recall that the thick tensor ideals then correspond to the Thomason subsets
of the space in (1.2) (that is, the unions of closed subsets with quasi-compact
complements) [Bal05, Theorem 4.10]. In other words, up to the tensor-triangulated
structure, e´tale motives are classified by the Thomason subsets in (1.2).
Acknowledgments. We thank Joseph Ayoub, Paul Balmer, and David Rydh for
instructive discussions which helped shape this article. Thanks also to Paul Ziegler
for the example in Remark 2.10.
1In other words, 0 is the only proper thick tensor ideal, and where thick tensor ideals can be
interpreted in any reasonable sense. Whereas, in positive characteristic, a Tannakian category is
simple only if thick tensor ideals are interpreted in a strong sense, cf. Section 2.
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2. Simplicity of (derived) Tannakian categories
Let A be a rigid exact ⊗-category. (In other words, A is endowed with an exact
and a symmetric monoidal structure, the tensor product is exact in each variable
separately, and each object is rigid, that is, has a tensor dual.) A thick tensor
ideal of A is a non-empty strictly full exact subcategory closed under retracts,
extensions, and under tensoring with arbitrary objects in A. Examples are kernels
of exact tensor functors with domain A. Let us then call A simple if 0 is the only
proper thick tensor ideal. Put differently, A is not the zero category, and the thick
tensor ideal generated by any non-zero object contains the unit.
Remark 2.1 (Abelian tensor categories). When A is an abelian tensor category,
stronger notions of ideals are equally possible, for example by requiring them to be,
in addition, abelian or Serre subcategories. The former are called coherent tensor
ideals in [Pet13], and the latter are called Serre (tensor) ideals in [BKS18]. Again,
any kernel of an exact tensor functor is an example of such subcategories. The
notion introduced above is closer to the one used in tensor-triangulated categories
which we will focus on below.
The following basic observation is the origin of the results discussed in the present
section. Recall that for a field K, a rigid abelian tensor category with End(1) = K is
called Tannakian if it admits a fiber (= faithful exact K-linear tensor) functor with
values in modules over a non-zero K-algebra. The characteristic of the Tannakian
category is the characteristic of K.
Lemma 2.2. Let A be a Tannakian category in characteristic zero. Then A is
simple.
Proof. The category A is the filtered union of its algebraic Tannakian subcategories
(that is, those generated by a single object). It is therefore sufficient to prove the
statement for A algebraic. In that case, there is a fiber functor ω : A → mod(K′)
with K′/K a finite field extension [DM, Remark 3.10].
Let a ∈ A be a non-zero object. Then ω(a) is a K′-vector space of finite dimen-
sion, d > 0, say. We claim that Λda ⊗
(
Λda
)∗
belongs to the thick tensor ideal
generated by a. (Here, b∗ denotes the tensor dual of b.) Indeed, it suffices to note
that a⊗d does, and that Λda is a direct summand of a⊗d since we are in character-
istic zero. But since the canonical morphism Λda⊗
(
Λda
)∗
→ 1 becomes invertible
after applying ω, it must be invertible itself. We conclude that 1 belongs to the
thick tensor ideal generated by a as required. 
Remark 2.3 (Positive characteristic). In particular, every exact tensor functor
F : A → B with A a Tannakian category in characteristic zero, and B 6= 0, is
faithful. In fact, this latter conclusion is true if A is a Tannakian category in pos-
itive characteristic as well. Indeed, the proof of the Lemma shows that the only
Serre tensor ideals of A are 0 and A.
On the other hand, it is not true in general that a Tannakian category in positive
characteristic is simple in the sense introduced at the beginning of this section.
For example, for a finite group G, the category of G-representations over a field
of characteristic dividing the order of G contains a non-trivial thick tensor ideal
consisting of the projective objects.
The goal in the remainder of this section is to prove the following derived ana-
logue of Lemma 2.2.
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Theorem 2.4. Let A be a Tannakian category over a field K of characteristic zero.
Then Db(A) is simple.
Here, a thick tensor ideal of a tensor-triangulated category is a non-empty full
subcategory closed under retracts, shifts, cones, and tensoring with any object in
the category. Again, a rigid tensor-triangulated category is simple if the only proper
thick tensor ideal is the zero ideal.
Lemma 2.5. In proving Theorem 2.4 we may assume that A is an algebraic Tan-
nakian category, that is, A is generated (as a Tannakian subcategory) by a single
object.
Proof. The category A is the filtered union of algebraic Tannakian subcategories
Ai. It then follows from Lemma 2.6 below that D
b(A) is the filtered colimit of the
Db(Ai). We conclude using [Gal18, Proposition 8.5]. 
Lemma 2.6. Let A be the filtered colimit of exact categories Ai (with exact functors
between them). This induces an equivalence of triangulated categories
(2.7) lim
−→
i
Db(Ai)
∼
→ Db(A).2
Proof. We first treat the case where all Ai (and therefore also A) are endowed with
the split exact structure. In other words, we want to prove the statement for the
bounded homotopy categories:
(2.8) lim
−→
i
Kb(Ai)
∼
→ Kb(A)
The finitely many objects and morphisms making up a bounded complex in A all
live in some Ai, and define an object of K
b(Ai). Thus essential surjectivity of (2.8).
Now fix two bounded complexes X,Y ∈ Kb(Ai0). Given a morphism f : X → Y
in Kb(A), its components fn : Xn → Yn must lie in some Ai1 for i1 ≥ i0. The
fact that these components define a morphism of complexes in A translates into
an identity of certain morphisms. There are finitely many such identities, and
therefore these hold already in some Ai2 with i2 ≥ i1. This proves fullness of (2.8).
With X and Y as above, let us be given a morphism f : X → Y in Kb(Ai0)
which becomes zero in Kb(A). In other words, there is a homotopy between f
and the zero morphism. Again, this homotopy consists of finitely many morphisms
satisfying finitely many identities and therefore already exists in some Ai1 with
i1 ≥ i0. This proves faithfulness of (2.8).
Recall that Db is a localization of Kb. Essential surjectivity of (2.7) therefore fol-
lows immediately from the split exact case. Now fix X,Y ∈ Db(Ai0). A morphism
X → Y in Db(A) consists of a roof X ← X ′ → Y in Kb(A) where the first arrow is
a quasi-isomorphism (that is, its cone is isomorphic to an acyclic complex [Kel96,
§ 11]). By the previous case we already know that this roof exists in some Kb(Ai1)
with i1 ≥ i0. Let C be the cone of the first arrow in K
b(Ai1). We know that C
becomes isomorphic to an acyclic complex C′ in Kb(A) so C′ and this isomorphism
already exist in some Kb(Ai2) with i2 ≥ i1. Finally, acyclicity of C
′ already holds
2This direct limit can be interpreted as a pseudo-colimit in the 2-category of small triangulated
categories, exact functors, and exact isotransformations. But the content of this is that there is
an evident way of endowing the filtered colimit of categories with a triangulated structure if each
category is triangulated and each functor is exact. Cf. [Gal18, Remark 8.3]
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in some Kb(Ai3) with i3 ≥ i2, and we deduce that (2.7) is full. We will complete
the proof by showing that (2.7) is conservative. For this, let X ∈ Kb(Ai0) be a
complex which becomes isomorphic to an acyclic complex X ′ in Kb(A). As in the
proof of fullness, this already happens in some Kb(Ai1) with i1 ≥ i0, and X is
already 0 in the domain of (2.7). 
For the rest of this section and the proof of Theorem 2.4 we will therefore assume
that A is algebraic. As in the proof of Lemma 2.2, this forces the existence of a
fiber functor ω : A → mod(K′) over a finite extension K′/K [DM, Remark 3.10].
The Tannakian dual Aut⊗
K
(ω) is then an affine algebraic K-groupoid acting on
Spec(K′). Let X be the algebraic stack (a gerbe) it presents. Recall that, by [Del90,
The´ore`me 1.12], ω induces an equivalence
A ≃ VBX
with the category of locally free finite type modules on X. We will complete the
proof of Theorem 2.4 by interpreting important results in the literature on quasi-
coherent sheaves on X, whose category we denote by QCX.
Lemma 2.9. The canonical tensor-triangulated functor
Db(A)→ D(QC
X
)
is fully faithful, and its essential image spans exactly the rigid objects.
Proof. The full embedding A ≃ VBX֌QCX induces the functor on derived cat-
egories in the statement, and fully faithfulness follows from [Del90, Corollaire 3.9]
which establishes that every object in QCX is the filtered union of objects in VBX.
The objects in the domain of the functor are rigid hence so are the objects in the
image. Conversely, a rigid object in D(QCX) has bounded cohomology, and each
cohomology “group” is a locally free module of finite type. In particular, it belongs
to the smallest triangulated subcategory generated by A ≃ VBX, and we win. 
Proof of Theorem 2.4. By [DG13, Theorem 1.4.2, Corollary 1.4.3], the functor
D(QC
X
)→ Dqc(X)
is an equivalence, and the compact, perfect, and rigid objects all coincide. (Here,
we use the characteristic zero assumption.) It then follows from [HR17, Theorem C]
and Lemma 2.9 that there is a single prime thick tensor ideal in Db(A). In other
words, Db(A) is simple, as claimed. 
Remark 2.10 (Underived and derived simplicity). If A is a simple exact tensor cat-
egory, it is not necessarily the case that Db(A) is simple. For example, let K be
a field and consider the category modfil(K) of finite dimensional K-vector spaces
with an exhaustive and separated filtration. It is a quasi-abelian category, and
therefore an exact category in which the admissible epimorphisms (resp. admissible
monomorphisms) are the strict surjections (resp. strict injections) [Gal18, § 2]. To-
gether with the tensor product of filtered vector spaces, the exact tensor category
modfil(K) is easily seen to be simple. On the other hand, it is proven in [Gal18,
Proposition 7.8] that its derived category Db(modfil(K)) is not simple. Indeed, a
(unique) non-trivial proper thick tensor ideal is generated by the cone of the mor-
phism β : 1 → 1(1), which is the identity on the underlying one-dimensional vector
space, placed in filtration degree 0 (resp. 1) in the domain (resp. codomain).
We thank Paul Ziegler for suggesting this example.
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3. Simplicity of mixed motives
Let F be a field. We are interested in classifying motives over F, and the previous
section already provides us with some examples where the category of motives
(conjecturally) is simple. The goal in this section is to discuss these examples and
the conjectures involved.
Remark 3.1 (Simplicity of homological motives). Let F ⊂ C be a field of character-
istic zero. Nori [Nor] constructed a Tannakian category of “homological” motives
HM(F;Q) with fiber functor the Betti realization
ReB : HM(F;Q)→ mod(Q).
We conclude from Lemma 2.2 that HM(F;Q) is simple.
Let us now turn to the derived setting. That is, we work with the triangu-
lated category of mixed motives (resp. triangulated category of mixed e´tale motives)
DM(F) (resp. DMe´t(F)). The reader is referred to [Gal19, § 3, 4] for a brief summary
of these theories which contains all that is necessary for the sequel. In particular,
we recall that these two theories coincide with rational coefficients but are different
in the presence of torsion.
The following hypothesis will play a key role in the sequel.
Hypothesis 3.2. There is a field extension K/Q and an equivalence of tensor trian-
gulated categories
DMgm(F;K) ≃ Db(A)
where A is a Tannakian category (necessarily of characteristic zero).
We offer the following remarks regarding this assumption. In any case, it should
be pointed out that Hypothesis 3.2 is known to imply many motivic conjectures,
including in characteristic zero, Grothendieck’s Standard conjectures and Beilinson-
Soule´’s Vanishing conjecture.
Remark 3.3 (Comparison with homological motives). Assume F ⊂ C is a charac-
teristic zero field so that we have the Betti realization ReB : DM
gm(F;Q)→ Db(Q)
at our disposal. We then expect A to be a Q-linear Tannakian category neutralized
by the functor induced on hearts, Re♥B : A→ mod(Q).
In fact, a more natural conjecture in this context seems to be the following.
In addition to the category HM(F;Q) of homological motives (Remark 3.1), Nori
constructed a tensor triangulated functor
(3.4) DMgm(F;Q)→ Db(HM(F;Q))
compatible with the Betti realizations. (We refer to [CGAdS17, § 7], [HMS17,
§ 10.1], [Har16, § 7] for details.) One may then conjecture that this functor (3.4) is
an equivalence.
Remark 3.5 (Ayoub’s conjectures). A strategy for breaking this conjecture into
hopefully easier ones is suggested by Ayoub in terms of (derived) motivic Galois
groups [Ayo17, Introduction]. More specifically, assume F ⊂ C is of characteristic
zero. The Betti realization ReB : DM(F;Q) → D(Q) admits a right adjoint, and
Ayoub constructs an enhancement (on the level of model categories) of the associ-
ated Betti monad B. It is used to construct an enhanced motivic Hopf algebra HF,
and Ayoub formulates two conjectures [Ayo14, § 2.4]:
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(A) The homology of HF is concentrated in degree 0.
(B) For compact motives M , the canonical morphism M → holimn B
◦(n+1)M
is an isomorphism.
The two conjectures together should imply that the functor in (3.4) is an equiva-
lence.3
Remark 3.6 (Ayoub, personal communication). Let F now be an arbitrary field,
and ℓ a rational prime invertible in F. Replacing the Betti realization by the ℓ-adic
realization Reℓ : DM(F;Qℓ)→ D(Qℓ), one may try to follow the steps in Remark 3.5
to obtain an ℓ-adic monad L, construct an associated motivic Hopf algebra HF and
formulate the two conjectures analogous to (A) and (B). Assuming these, one would
then hope to obtain a canonical equivalence DMgm(F;Qℓ)
∼
→ Db(comod(H0(HF))).
Remark 3.7 (Non-neutral Tannakian category of motives). Assume F is a finite
field. If Hypothesis 3.2 holds for F and K/Q then either K is a proper extension,
or the Tannakian category A is not neutral [Del94, p. 146]. We refer to [Mil94] for
a discussion of (mostly pure) motives in this context.
The following observation follows immediately from the discussion in the previous
section.
Theorem 3.8. Assume Hypothesis 3.2. Then DMgm(F;Q) is simple. In particular,
• every non-zero motive generates DMgm(F;Q) as a thick tensor ideal;
• every non-zero tensor-triangulated functor defined on DMgm(F;Q) is con-
servative.
Proof. Let K/Q be as in Hypothesis 3.2. The canonical functor
DMgm(F;Q)→ DMgm(F;K) ≃ Db(A)
is faithful and the latter category is simple by Theorem 2.4. Therefore so is the
former, by [Bal18, Corollary 1.8]. 
4. Classification of e´tale motives
Our next goal is to go beyond rational coefficients, and to say something about
torsion phenomena. In contrast to DM(F;Z), there are different useful notions of
“smallness” for objects in DMe´t(F;Z) (and if the cohomological dimension of F
is infinite, these are different from being compact). To fix our ideas we choose
to work with the subcategory of rigid objects. In [CD16] these are called locally
constructible since they are precisely those motives whose restriction to some finite
separable extension F′ of F is constructible of geometric origin (or simply geometric,
in Voevodsky’s terminology), that is, belongs to the thick subcategory generated by
motives of smooth F′-varieties [CD16, Theorem 6.3.26]. The result below remains
true (and can in fact be deduced, using [Bal18, Corollary 1.8]) for the subcategory
of geometric motives DMgme´t (F;Z).
Definition 4.1. Let R be a coefficient ring (for us R = Z or a localization or quotient
thereof). We denote by DM∨e´t(F;R) the full subcategory of DMe´t(F;R) spanned by
rigid objects. In particular, DM∨e´t(F;R) is a rigid tensor-triangulated category.
3More precisely, they do assuming the tedious task of checking that a certain diagram com-
mutes [Ayo17, p. 1508].
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Before we can state the main result, we need to recall one more thing. To any
(essentially small) tensor-triangulated category T, one can associate a topological
space Spc(T) which consists of the prime thick tensor ideals, endowed with a Zariski
type topology [Bal05]. Given an invertible object u ∈ T, Balmer [Bal10] also
constructs a comparison map of topological spaces
ρ•u : Spc(T)→ Spec
h(R•u)
where R•u = HomT(1, u
⊗•) is the “graded central ring” of T with respect to u, and
where Spech denotes the homogeneous spectrum. Explicitly, ρu sends a prime ideal
P to the ideal generated by the homogeneous f ∈ R•u such that cone(f) /∈ P [Bal10,
Definition 5.1].
Remark 4.2 (Spectrum of Milnor K-theory). Assume F is of exponential character-
istic p, that is, p = 1 if char(F) = 0, and p = char(F) otherwise. We now specialize
to
T := DM∨e´t(F;Z) = DM
∨
e´t(F;Z[1/p]), u := G˜m = Z(1)[1],
the reduced (Tate) motive of Gm. The e´tale motivic cohomology groups in question
are known, by deep results of Voevodsky and others. Indeed, the Norm Residue
Isomorphism (in the form of [Voe11, Theorem 6.18]; see also remarks preceding that
result) implies that the diagonal e´tale motivic cohomology groups coincide with the
non-e´tale ones:
R•
G˜m
= HomDM∨
e´t
(F;Z[1/p])(Z,Z(n)[n]) ≃
HomDMgm(F;Z[1/p])(Z,Z(n)[n]) ≃ K
M
•
(F)[1/p],
where the second isomorphism is by [Voe02, NS89, Tot92].
Finally, we recall that the homogeneous spectrum of Milnor K-theory is known,
by an explicit computation in [Tho16]. It has the following points, and is endowed
with the minimal topology compatible with the specialization relations (pointing
upward):
([F×], 2)
⑦⑦
⑦⑦
⑦⑦
⑦⑦
❅❅
❅❅
❅❅
❅❅
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
([F×], 3)
❅❅
❅❅
❅❅
❅❅
([F×], 5) · · · ([F×], ℓ)
([Pα], 2) ... ([Pβ ], 2) ([F
×])
✉✉✉✉✉✉✉✉✉
···
where ℓ runs through the rational primes different from p, and where the Pα are
the orderings of F with the Harrison topology (that is, the topology induced by the
product topology on {±1}F
×
; it is a Boolean space [Lam05, VIII.6]).
Theorem 4.3. Let F be a field of exponential characteristic p and assume that
DMgm(F;Q) is simple (cf. Theorem 3.8). The comparison map with respect to the
Tate motive G˜m = Z(1)[1] is a homeomorphism
ρ•
G˜m
: Spc(DM∨e´t(F;Z))
∼
→ Spech(KM• (F)[1/p])
onto the space described in Remark 4.2.
The proof of Theorem 4.3 will proceed along the lines of [Gal19, Theorem 6.10].
We need for this the following generalization of [Gal19, Theorem 6.2]. We learned
from Paul Balmer how to remove the assumption that the base field contain a
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primitive ℓth root of unity. Note also that this Proposition is unconditional (that
is, it does not depend on Hypothesis 3.2).
Proposition 4.4. Let F be a field, and let ℓ be a prime different from char(F).
The comparison map with respect to the Tate motive G˜m = Z/ℓ(1)[1] is a homeo-
morphism
ρ•
G˜m
: Spc(DM∨e´t(F;Z/ℓ))
∼
→ Spech(KM• (F)/ℓ).
Proof. By Rigidity (Suslin-Voevodsky, [CD16, Theorem 6.3.11]), the tensor-trian-
gulated category DM∨e´t(F;Z/ℓ) is identified with D
b
c (Mod(GF;Z/ℓ)), the bounded
constructible derived category of discrete GF-modules over Z/ℓ, where GF denotes
the absolute Galois group of F. Then [Gal19, Lemma 6.4] provides a further identifi-
cation with Db(mod(GF;Z/ℓ)), the bounded derived category of finite-dimensional
discrete GF-modules. It follows that
R•
G˜m
≃ H•(GF, µ
⊗•
ℓ ) ≃ K
M
• (F)/ℓ
by the Norm Residue Isomorphism (due to Voevodsky et al.).
It remains to show that the comparison map ρ•
G˜m
is a homeomorphism. Assume
first that F contains a primitive ℓth root of unity. In that case, G˜m = Z/ℓ(1)[1] ≃
Z/ℓ[1] and we have proven in [Gal19, Proposition 6.5] that the comparison map
ρ•
Z/ℓ[1] is a homeomorphism.
If F does not contain a primitive root of unity, let F′ := F[ζ] be obtained by
adjoining such. Necessarily, ℓ is odd. So the degree of this extension is [F′ :
F] = ℓ − 1 which is invertible in Z/ℓ. The composite of the base change functor
DM∨e´t(F;Z/ℓ) → DM
∨
e´t(F
′;Z/ℓ) with its right adjoint is tensoring with the motive
of Spec(F′) which is faithful (since the Euler characteristic of this motive is ℓ− 1).
It follows that the base change functor itself is faithful, and so the induced map
on spectra is surjective [Bal18, Corollary 1.8]. Since Spc(DM∨e´t(F
′;Z/ℓ)) = ∗, we
deduce that the same is true for F, and this concludes the argument. (Here, we use
of course that the homogeneous spectrum of Milnor K-theory at odd primes is a
singleton space, for any field.) 
Proof of Theorem 4.3. We start by showing that ρ• := ρ•
G˜m
is a bijection. For this
we think of the map as fibered over Spec(Z[1/p]) and analyze it one prime (ℓ) 6= (p)
at a time.
If ℓ = 0, we use [Bal10, Corollary 5.6(c)] to identify the fiber of ρ• over Spec(Q)
with
Spc(DM∨e´t(F;Z)⊗ Q)
ρ•
−→ Spech(KM• (F)⊗ Q).
The codomain is a singleton space, and so is the domain by our assumption, given
the equivalences ([CD19, Theorem 16.1.2] and [CD16, Corollary 5.4.9]):
(DM∨e´t(F;Z)⊗ Q)
♯
≃ DM∨e´t(F;Q) ≃ DM
gm(F;Q).
(Here, (−)♯ denotes the idempotent completion, and we also use [Bal05, Proposi-
tion 3.13].)
Next, if ℓ is a finite prime, the fiber of
ρ : Spc(DM∨e´t(F;Z))
ρ•
−→ Spech(KM• (F))→ Spec(Z)
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over ℓ is by definition the support of Z/ℓ in both the tensor-triangular spectrum
and the homogeneous spectrum. Consider the quotient morphism γ : Z → Z/ℓ,
and the induced adjunction on categories of e´tale motives:
γ∗ : DM∨e´t(F;Z)⇄ DM
∨
e´t(F;Z/ℓ) : γ∗
We have a commutative square [Bal10, Theorem 5.3(c)]:
(4.5) Spc(DM∨e´t(F;Z/ℓ))
ρ•
G˜m
∼
//
Spc(γ∗)

Spech(KM
•
(F)/ℓ)
Spech(γ)

Spc(DM∨e´t(F;Z)) ρ•
// Spech(KM
•
(F))
where the top horizontal arrow is a homeomorphism by Proposition 4.4. Since
Z/ℓ is the image of the unit under γ∗, we deduce from [Bal18, Theorem 1.7] that
supp(Z/ℓ) = Im(Spc(γ∗)). Also, the right vertical arrow is injective with image
the support of Z/ℓ. It follows that the left vertical arrow is injective as well, and
the bottom horizontal map ρ• indeed identifies the support of Z/ℓ on both sides,
as required.
We will now show that this map
ρ• : Spc(DM∨e´t(F;Z))→ Spec
h(KM• (F))
is a homeomorphism. First, note that in the square (4.5), the left vertical arrow
is a homeomorphism onto its image. (In fact, the square (4.5) is cartesian.) This
is relevant for ℓ = 2 as it reduces us now to prove that the specialization relations
([F×]) ([F×], ℓ) lift to specialization relations in Spc(DM∨e´t(F;Z)). (We use that a
bijective spectral map between spectral spaces which lifts all specialization relations
is necessarily a homeomorphism.) In other words, we need to show the inclusion of
prime ideals
ker(−⊗ Z/ℓ) ⊂ ker(− ⊗ Q)
in the category DM∨e´t(F;Z〈ℓ〉).
For this we use the ℓ-adic completion (interpreted as the ℓ-adic realization) dis-
cussed in [CD16, § 7.2]. (Although we give this in some detail, the main point is
that DMgm(F;Q) is simple which implies that the ℓ-adic realization is conservative.)
Consider the following diagram with the notation from loc. cit.:
DMh,lc(F;Z〈ℓ〉)
Lρ∗
ℓ
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
ρˆ∗
ℓ

DMh,lc(F;Q)
ρˆ∗
ℓ
ρ∗

oo
ρ∗
oo
DMh,lc(F;Z/ℓ) DMh,c(F; Zˆℓ)
Lρ∗
ℓ
ρˆℓ!
oo DMh,c(F; Zˆℓ)⊗Z〈ℓ〉 Q
oooo
The right square commutes by definition of the right vertical arrow in [CD16, The-
orem 7.2.24]. For the left triangle note that ρˆℓ!ρˆ
∗
ℓM ≃M ⊗
L Q/Z〈ℓ〉[−1] by [CD16,
7.2.4], and Lρ∗ℓ takes the second factor to the unit, from which commutativity
follows.
Now suppose Lρ∗ℓM ≃ 0 for some M ∈ DM
∨
e´t(F,Z〈ℓ〉) ≃ DMh,lc(F,Z〈ℓ〉). Since
the left horizontal arrow at the bottom is conservative, we deduce that ρˆ∗ℓM ≃ 0. On
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the other hand, Lρ∗ℓM ≃ 0 is equivalent to M ≃ ρ∗Lρ
∗M ([CD16, Lemma 7.2.3])
and we deduce that
ρˆ∗ℓρ∗Lρ
∗M ≃ ρˆ∗ℓM ≃ 0.
In other words, Lρ∗M is in the kernel of the tensor-triangulated functor ρˆ∗ℓρ∗ of
[CD16, Theorem 7.2.24]. But the domain DMh,lc(F;Q) ≃ DM
gm(F;Q) has only
one proper thick tensor ideal by assumption, and we conclude that Lρ∗M ≃ 0 as
required. (Of course, we then have necessarily M ≃ 0 to start with.) 
Remark 4.6 (Description of prime ideals). Let us describe the primes in DM∨e´t(F;Z)
more explicitly.
(a) The prime corresponding to ([F×]) consists of the torsion objects, that is,
those objectsM withM⊗Q ≃ 0. Since (under the assumption that Hypoth-
esis 3.2 is satisfied) any of the standard cohomology theories is conservative
for motives with rational coefficients, this prime is also equal to the kernel
of the functor
DM∨e´t(F;Z)
Reℓ−−→ Db(Qℓ)
for any ℓ 6= p.
(b) The prime corresponding to ([F×], ℓ) for ℓ 6= p consists of the objects M
with M ⊗ Z/ℓ ≃ 0. By Rigidity (see the proof of Proposition 4.4), it can
also be described as the kernel of the functor
DM∨e´t(F;Z)
×FF¯−−−→ DM∨e´t(F¯;Z)
/ℓ
−→ DM∨e´t(F¯;Z/ℓ) ≃ D
b(Z/ℓ).
(c) Finally, let Pα be a positive cone of F, and choose a completion Fα. Then
the prime corresponding to ([Pα], 2) is the kernel of the functor
DM∨e´t(F;Z)
×FFα−−−−→ DM∨e´t(Fα;Z)
/2
−→ DM∨e´t(Fα;Z/2) ≃
Db(Z/2[C2])։ stab(Z/2[C2]) ≃ mod(Z/2),
where C2 = Gal(F¯α/Fα) denotes the cyclic group of order 2, and the functor
Db(Z/2[C2])։ stab(Z/2[C2]) is quotienting out the complexes of projective
objects.
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